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1. The curve C has equation y=2x>, 0<x<2.
The curve C is rotated through 27 radians about the x-axis.

Using calculus, find the area of the surface generated, giving your answer to 3 significant
figures.
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2. (a) Giventhat y=xarcsinx, 0<x<1, find
. . dy
1) an expression for —,
@) p &
(ii) the exact value of Y when x=1.
dx 2 3
(3)
(b) Given that y =arctan(3e**), show that
dy _ 3
dx 5Scosh2x+4sinh2x
S)
a)(i ) L u =2 Lol V=aresinz
— __G{"{__-.: _f. = “!V = __-J-—-'-""'_’"
A dx - oc*®
l/('-! — (A d/v’lf . ¥ du -
A e x e
dy/ = = 1 art Sin 2 /
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3. Show that
(a) Z;dx =k, giving the value of the fraction £,
5 X —10x+34 (5)
& J.:\/(xz_llox+34)dx=1n( A++/n), giving the values of the integers 4 and ». %
Y B r?
a [ dae o ! A
Jy 22105 +34 S (x=8)% +9
o
Leb u = 2-8 bhen =6, wu=3
du = . x2=85, «=0
) r3 - .3
Lﬂ_: = ! i = du = l’/ arcfa.nﬁ,/
lo u*t3 L2 3/ o
= Klarckn | — areben o) = 5 (% -0)
=7 U = 4= 12 o
[ ] FA

»3 -3

.:. I = [ / A — /;?/'SIH_& “/3_!
| fu?s 32 °
Yo = QFSMA 1

= In \ﬁ ~+ /_"fﬁ/\L
e /h (} —r‘-'/z_) B

Where,

arsinhx =y ()c 4 -/7«:24—_{;)
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4. ¢
ln=j xX’(Inx)"dx, n=0
(a) Prove that, for n2>>1,
1=i—21,
3 3 @)
(b) Find the exact value of ;.
@
(]
R . Z Ml : o
a) I,.‘ = J)/.(Zn x/) x A
Zezdu:(/nx)' Jeb dv = =
Z
. A=l - 2
a&(/.—-/)///n;)c > " :/20(?(: X _-
. dr x ) o J <
. ___ N
B‘Jx)arﬁ' T = Vv — {V d“/‘ Q{R
J7 4 J “elx
_ [ pd A3 o~ Pl
:\/nx,)__g___ [__?_c_g_QCZA sc)  olx
3 |3 =
ld]= o [2n)
=lx [nx)]— N | X ({(n=x A
/3 ] 3] -
| X J) J
.3_
T - e —_ In ’ /
" 3 3 B -
3 —3 / 2 \
b)Z = e 3 [ = & _ 2 If_ N
3 3 f_ 2\ 3 S
L 2
- _Lz_éﬁ_j___ _ 1 T
3&E "3 ),
— 2> 22’ 4]
=9 = 9213 L
. I 3 LA,
- Ly = =V iy /
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5. The curve C, has equation y =3sinh2x, and the curve C, has equation y =13-3¢™.

(a) Sketch the graph of the curves C, and C, on one set of axes, giving the equation of
any asymptote and the coordinates of points where the curves cross the axes.

@

(b) Solve the equation 3sinh 2x =13-3e*, giving your answer in the form §Ink, where
k is an integer.

G g =38 SinhZx

12 O 0 0 0
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Question 5 continued
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6. The plane P has equation

3 0 3
r={ 1|+A| 2|+u|2 ey
2 -1 2
(a) Find a vector perpendicular to the plane P.

The line / passes through the point 4 (1, 3, 3) and meets P at (3, 1, 2).
The acute angle between the plane P and the line / is a.

(b) Find a to the nearest degree.

(c) Find the perpendicular distance from 4 to the plane P.
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Question 6 continued e
a.p
b) (fsineg cos & = —
¥ | | & .
- S _— ey B N _/ | A
(o5 @ =Sinot = N - AX -~ 3] /1]
] L Ax=]1-]3]
[n] [Ax] 121 (3
 —22:{2)R)C) | Ax = [2]
, ——— =2
232252 =y
SineX - _& —
9 S
> = (3° ] /
c)_{gz?@moﬂ‘cda; distone & {_a/:m.g = /A—;/
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7. The matrix M is given by
k-1 1
M= 0 -1|, k=1
3 2 1
(a) Show that det M =2-2k.
)
(b) Find M, in terms of k.
(6}
The straight line /, is mapped onto the straight line , by the transformation represented
2 -1 1
by the matrix |1 0 -1}.
3 -2 1
The equation of [,is (r—a)xb =0, where a=4i+j+7k and b=4i+j+3k
)

(c) Find a vector equation for the line /

k@=-2)=E)i--3)+12-0)

g dett M= (O~
= Dk + & -2 = 2_-24k

_ [+ z)) -g-—-s) +(5 0))7
> = ~l-=2) + b — -3
< /Jﬁz/ 025 -(zc_?% :—(/o——l) /

2 |

_ & /_"_'2 . — &
_ k-3 2k-3 /_ )

- ZI b+l -

/ f@ans;o;e

CT:; r 2 "'!
o | =4 be =3 /\-u/
=2  2k-3 )

L
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8. The hyperbola H has equation
2 2
a8
a b
(a) Use calculus to show that the equation of the tangent to H at the point
(acosh 8, bsinh 0) may be written in the form

xbcosh 0 — yasinh 6 = ab

)
The line /is the tangent to H at the point (acosh @, bsinh8), 6#0.
Given that /| meets the x-axis at the point P,
(b) find, in terms of a and 6, the coordinates of P.
(2)
The line /, is the tangent to H at the point (a , 0).
Given that /, and [/, meet at the point Q,
(¢) find, in terms of a, b and 4, the coordinates of Q.
2)
(d) Show that, as @ varies, the locus of the mid-point of PQ has equation
x(4y* +b*) = ab’
(6)
a) U&'n o paramebrc e__.fa,uaf Jom -
7 . 7 V4
x = a cash O Y= bsinhB
74
0_%— A sinh & 49A/A= beesh &
rgzava V4aio
(_,;_-_ \7_ N o ]
(_éalf\ I'u(e gjd‘ e - V{\;'Lf R L(f_/x{_?;_— -
“dx a8 Ao
o dgjfl'm.,. = benshO B
S _/7( - a S‘Ilf'\_ Z\_(_S;
//g{n « y-9y, = m (z — =z, )
v/ v

Y — /g;;«. A = _é_(_:c_‘ff-_rj'] N (j!;r — a cosh c9)
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Question 8 continued ank
ja ‘;mAG e aé Szr;/\ C9 %b(‘dﬁ)v@ aﬁ(o_,‘_f}l@
—_—_xﬁ(cﬁ/\ﬁ - &4615//\/‘.(9 = ab (5/"1A2§—(Qj_/\_20)
_ﬂ_b 5:05_/1(9 — ga A (9_: ab /
b Ac P (=, 0)
B Z_b QUSA @ — O — a‘b N B B /
ot = a_~— _ when y =0
- - “Cush B N
/%L@u Sumﬂwefvw —and see qﬂv)‘» " /ne [ s wertacal
tne x* = Q —
&,[) s _5;,_-_0_ IA(D (', B
" Rboxh — ghsiahl = 5b
f/v’Aens'C'-‘a) _5_="b__ + becoh® /
B SinhG Sinh@
J&ﬁzf&{( _jrz{fa_a_/‘(‘ @b Y = b (40_3/‘\ G - ’) N
é‘m/!.(?
Wr‘j’;@m{;_:_ /it +2€, 4, Y, 4 c«f,‘]
7 \—z— " Sz
[ e csh® , L(aﬁ/\@ — /,J )
(\ cosh@ 2«)}%0 26nhQ
- ( (Ca;Afj 7 f} ) [9(@5,1-69-— ‘/r_Qg“
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Mark Scheme

Question
Number Scheme Marks
1. % =6x* and so surface area =27 .[ 2 J(1+(6x%) dx Bl
9 N Ml Al
= 47z} ———(1+36x")
3x36x4
DM1 Al
Use limits 2 and 0 to give %[13860.016—1] =806 (to 3 sf)
5
Notes:
B1|Both bits CAO but condone lack of 27
IM1 Integrating I{ 32 'l + thelr— ]dx getting k(1+36x* )2 condone lack of 27z
If they use a substitution it must be a complete method.
1A1|CAO
2DM1 | Correct use of 2 and 0 as limits
2A1|CAO
2.
dy x ; M1 Al
8 | —=————=+arcsinx
(a) (l) dx (1 _ x2)
)
(i) Bl
At given value derivative = L +Z= Z\BJ
V3 6 6
1)
(b) dy  6e*~ IM1 Al
dx  1+9¢*
__ 0 2M1
T e +9e
- 3 3M1
- _g_(er +e—2x)+%(62x _e—ZX)
dy 3 Al cso
S = %
dx Scosh2x+4sinh2x
&)
8
Notes:
(@) M1 Differentiating getting an arcsinx term and a = term
1+x
A1|CAO
B1|CAOQO any correct form

GCE Further Pure Mathematics FP3 (6669) June 2011
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Nurber Scheme e
(b) IM1 2x
Of correct form ——. =
1+ be™
1A1|CAO
2M1| Getting from expression in e** to ¢** and ™" only
3M1| Using sinh2x and cosh2x in terms of (** +¢™*) and (&** —e ")
2A1|CSO — answer given
3.
1
@ | -10x+34=(x-5+9 so — N S Bl
x°=10x+34 (x=-5°+9 u"+9
(mark can be earned in either part (a) or (b))
I= %du = larctan(ﬂ I'= _[—iz—du = larctan (x_—S] M1 Al
u +9 3 3 (x=5)"+9 3 3
Uses limits 3 and 0 to give % Uses limits 8 and 5 to give % BN el
(5
(b) Alt 1 > 2
- - X=5+4/(x=5) +9
I=In (x_5j+ (x_S +1jor I=In ( ) M1 Al
3 3 3
or I = ln((x—5)+1/(x—5)2 +9)
Uses limits 5 and 8 to give In(1+ 2 ). DMI Al
@
9
b) Alt 2
L Usesu=x-5to get ] = '[\/21— du=[arsinh(%):|:1n{u+\/u2+9} M1 Al
u +9
Uses limits 3 and 0 and In expression to give In(l1+ 2 ). DM1 Al
“4)
b) Alt 3 M1 Al
(b) Use substitution x—5=3tané, % =3sec’ & and so
I= jsec 0d@ =In(sec 4 + tan §)
DM1 Al
Uses limits 0 and % to get In(l++/2).
G
Notes:
(a) B1|CAO allow recovery in (b)
1M1 | Integrating getting k arctan term
1A1|CAO
2DM1 | Correctly using limits.
2A1|CAO

GCE Further Pure Mathematics FP3 (6669) June 2011
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1A1
2M1

2A1

%tiigg? Scheme Marks
(b) 1M1 | Integrating to get a In or hyperbolic term
1A1|CAO
2DM1 | Correctly using limits.
2A1|CAO
4,
3 n-|
X x" n(lnx) M1 Al
I =|—(Inx)" |- |—x 1
@ |/, [3( )} 5=
3 1 endnx)™ DM1
-| X (n) } - [l
1 1 3
e n Alcso
B ey il o
3 3
4)
e 37° 3 3 3 3
®) |I,=[Fdr=| = e e e 1) 21 M1 Al
) 3, 3 3 3 313 3 9 9
: } } 4 2 M1 Al
1=t - 2 anar =3 0= 2
3 3 3 27 27
“)
8
Notes:
(a)1M1 | Using integration by parts, integrating x>, differentiating (In x)"
1A1|CAO
2DM1 | Correctly using limits 1 and e
2A1|CSO answer given
(b)1M1 |Evaluating [ or I by an attempt to integrate something

CAO
Finding I, (also probably I, and I,) If ‘n’s left in MO

I, CAO

GCE Further Pure Mathematics FP3 (6669) June 2011
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‘Number scheme e
5.
@ :
T S —— Graph of y = Bl
= ¥ ” + 3sinh2x
) Shape of —e** Bl
' & graph
\
' ' ; . Asymptote: y=13 [Bl1
Value 10 on y axis
and value 0.7 or B1
1in(L£) on x axis
)
M1 Al
(b) Use definition %(ez" —e ) =13-3¢" — 9¢* — 26 —3 =0 to form quadratic
DM1 Al
& = L or3
l B1
x=—=In(3
> €)
&)
9
Notes:
(a) 1B1 |y = 3sinh2x first and third quadrant.
2B1 | Shape of y = —¢** correct intersects on positive axes.
3B1 |Equation of asymptote, y = 13, given. Penlise ‘extra’asymptotes here
4B1 | Intercepts correct both
(b) 1M1 | Getting a three terms quadratic in e**
1A1|Correct three term quadratic
2DM1 | Solving for >
2A1|CAO for e** condone omission of negative value.
B1|CAO one answer only

GCE Further Pure Mathematics FP3 (6669) June 2011
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Question
Number Scheme Marks
6.
(a) n=(2j-k)xBi+2j+2k)=6i—3j-06k o.a.e. (e.g.2i—j—2Kk) M1 Al
)
(b) Line / has direction 2i-2j—k Bl
. . ) 44+2+2 8 Ml Alft
Angle between line / and normal is given by (cos £ or sina) = =—
g g y (cos B ) %505 9
a =90— =63 degrees to nearest degree. Al awrt
“4)
(c) Alt 1 |Plane P has equation r.(2i—j—2Kk) =1 M1 Al
Perpendicular distance is 1=¢7) 8 ML Al
Jo9 3
4)
10
(c) Alt 2 | Parallel plane through A has equation r.m = % M1 Al
Plane P has equation r.iz—li =§ il
] . . .1 7 8
So O lies between the two and perpendicular distance is 3 + 3 = 3 Al
4)
(c) Alt3 Distance A to (3,1,2) = V22 +22 +1°=3 MIA1
Perpendicular distance is ‘3’ sin o = 3x §=§ MI1Al
4)
(c) Alt 4 |Finding Cartesian equation of plane P: 2x —y—-2z—-1=0 M1 Al
de |n1a+n2,8+n3y+d] _ ‘2(1)—1(3)—-2(3)—1| :§ AT
nt +nl +n’ V22 +1% 422 3
1 2 3
“4)
Notes:
(a) M1 | Cross product of the correct vectors
A1|CAO o.e.
(b) B1|CAO
M1 | Angle between ¢ 2i —j—2k’ and 2i -2j — k, formula of correct form
1A1ft|8/91t
2A1|CAQ awrt
(¢) 1M1 |Eqn of plane using 2i—j—2k or dist of A from O or finding length of AP
1A1|Correct equation (must have =) or A to (3,1,2) =3
2M1 | Using correct method to find perpendicular distance
2A1|CAO

GCE Further Pure Mathematics FP3 (6669) June 2011
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?\llaeniggp Scheme Marks
7.
@ |DetM=k(0-2)+1(1+3)+1(-2-0)=—2k+4-2=2-2k Mi Al
@)
k1 3 -2 -1 1
®) M"=|-1 0 -2|socofactors= | -4 k-3 k+1 M1
1 -1 1 -2 2k-3 1
( -1 A mark for each term wrong)
: -2 -1 1
T=—" | -4 k-3 k+l M1 A3
2-2k
-2 2k-3 1
()
x' 4 4
(¢) |Let (x, y, z)be on /. Equation of /, can be written as | y' |=|1 |+ 4|1 Bl
z' 1 3
x x x -2 -1 1Y\(4+44
Use |y |=M"|y | withk=2.ie. |y —— -4 -1 3| 1+4 Ml
z Z z -2 1 1){7+34
x 32+1
I M1 Al
z 24

and so (r-a)xb =0 where a =i-2j and b =3i+4 j + 2k or equivalent

Blft
or r=a+ib where a=i-2jand b =3i+4 j + 2k or equivalent

)

Notes:
(a) M1 |Finding determinant at least one component correct.

Al1(CAO

(b) 1M1 | Finding matrix of cofactors or its transpose
2M1 | Finding inverse matrix, 1/(det) cofactors + transpose
1A1| At least seven terms correct (so at most 2 incorrect) condone missing det
2A1 | At least eight terms correct (so at most 1 incorrect) condone missing det
3A1 | All nine terms correct, condone missing det

(c) 1B1 |Equation of /,
1M1 | Using inverse transformation matrix correctly
2M1 | Finding general point in terms of 4.
A1 |CAO for general point in terms of one parameter

Bl ft for vector equation of their /,

GCE Further Pure Mathematics FP3 (6669) June 2011
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%ﬁiﬁggp Scheme Marks
8.
d f 2 bcosh@ Ml Al
(@) Uses d—y=i”—=7b0(?8h9 or 2_f__2y2y =O—>y'=x—b7= C(_)S
dx & asinhé a b ya~ asinhé
M1
So y—bsinh® =217 4coshd)
asinh @
. ab(cosh’ @ —sinh’ §) = xb cosh & — yasinh & and as (cosh’ —sinh® 8) =1 Alcso
xbcosh@—yasinh@=ab *
“)
M1 Al
b) P 1is the point (—a—,O)
cosh@
2
- M1 Al
(©) [, has equation x = a and meets /,at Q(a, Mﬁ)
sinh &
2)
1 b(cosh@—1 1M1 Alft
(d) Alt 1 | The mid point of PQ is givenby X = M, Y= (CLS_—)
2coshé 2sinh @
4y 4 pt - 2| COSH* 6 +1=2coshd +sinh’ 0 2M1
sinh* 6
_p 2cosh?8—2cosh@ 3M1
sinh’ @
- 4M1
X (@AY +b%) = ab® (cosh& + I)(cosh'ﬁ 21)2 cosh 6)
2cosh@sinh” 8
Simplify fraction by using cosh? @ —sinh? 8 =1 to give x(4y’ +b*)=ab’ * Alcso
(6)
(d) Alt 2 |First line of solution as before IM1AL{t
AY* +b* =b* (co’ch2 6 + cosech’d — 2 coth Hcosechd + 1) 2M1
= b* (2coth” - 2 coth fcosech ) 3M1
X(4Y* +b*) =ab® (coth O(cothd — cosech@) (1+sech®)) 4M1
Simplify expansion by using coth? @ —cosech’d =1 to give x(4 Y2 +b*)=ab*x |Alcso
(6)
14

GCE Further Pure Mathematics FP3 (6669) June 2011
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Question
Number

8

Scheme Marks

(a)1M1 |Finding gradient in terms of &
1A1|CAO
2M1 | Finding equation of tangent

2A1|CSO (answer given) look for £(cosh’d—sinh’6)

(b)M1 | Putting y = Ointo their tangent
A1ft| P found, ft for their tangent o.e.

(c) M1 |Putting x = ainto their tangent.
A1|CAO Q found o.€.

(d)|For Alt 1 and 2
1M1 |Finding expressions, in terms of sinh & and cosh @ but must be adding
1A1 |Ft on their P and Q,

2M1 |Finding 4* + b
3M1 | Simplified, factorised, maximum of 2 terms per bracket

4M1 |Finding x(4 y2 +b?), completely factorised, maximum of 2 terms per bracket
2A1|CSO

(d) |For Alts 3,4 and 5
1M1 | Finding expressions, in terms of sinh & and cosh @ but must be adding
1A1|Ft on their P and Q
2M1 | Getting cosh @ in terms of x
3M1 |y or y*in terms of coshé or sinh @ in terms of x and y

4M1 | Getting equation in terms of x and y only. No square roots.
2A1(CSO
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8(d)
Alt 3 _ a(cosh +1) V- b(cosh@ —1) As main scheme 1M1 Alft
2cosh@ 2sinh @
coshd = 2 cosh@ in terms of x 2M1
2x—a
sinho = b(coshd-1) _ b(a-x) sinh @ in terms of x and y 3IM1
2y 2x—a)y
a Y ( ba-xY > Using cosh’@ - sinh’@ = 1 4M1
[?] _((2x—a)y) )
Simplifies to give required equation
[y24x(a—x):b2(a—x)2, x(4y* +b2)=ab2] Alcso
(6)
Altd | x= a(coshf +1) V- b(cosh@—1) As main scheme 1M1 Alft
2coshd 2sinh @
coshg = % cosh@ in terms of x 2M1
2x—a
, _b'(cosh@-1)*  b*(coshf - 1) % in terms of cosh & only 3Ml1
" 4(cosh’@ -1)  4(cosh@ + 1)
. 2a—2x ¢ Forms equation in x and y only  [4M1
= u .
4( 2x J
2x—a
Simplifies to give required equation Al cso
(6)
Alts | x= a(coshd +1) Y= b(cosh @ —1) As main scheme IM1 Alft
2coshd 2sinh @
coshf = —& cosh @ in terms of x 2M1
2x—a
b(cosh@ - 1) b(cosh® - 1) y in terms of cosh & only 3M1
g '( 2sinh0 J_{Z\/coshzﬁ : 1}
Eliminate +/ and forms equation in x and y 4M1
Simplifies to give required equation Alcso
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